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AR(1) process

We say X; is an AR(1) process if it takes the form
Xy =ap+a1X;_1+ €, €tifi\(51 (0,0’2> .

AR(1) process as a linear process
Noticing that
Xe=ag+mX;1+¢e

Xi1=ap+ a1 Xp2+ €1
Xio=ap+mXi 3+¢& 2

We can recursively substitute X;_ j into the equation of X;, namely,

Xe=ag+mXs1+é&

=ao+ay(ap+am X2 +e 1) +e

=ag(1+ay) +a3X; o+ (er +arer_1)

= ag(1+a1) +af(ao + mX; 3 + &r-2) + (& + arer 1)
ag(1+ay +a3) +a3X; 3+ (er +are; 1 +ajes o)

(1)

=ag(1+ay+at+---+ a{_l) + a{Xf,] 4 (er+aje;_q +ade; o+ -+ a{_let_]+1)

Assuming that |a;| < 1, as ] — oo, the first term becomes

lim ag(1 +a 2 +adH =g aj: %o
]Lrgloo(+1+ T+ 4a ) O]gl -

The second term is
lima/X;, ;=0
J—c0 144=]
since a{ — 0. Therefore, X; can be written as a linear process
a e . iid
X,{ = 0 + Z ﬂ]1€t,]', Et ~ (0, 0’2) .
1-— ay j=0

Mean, variance and autovariance of an AR(1) process (Method I)

Since ¢; is assumed to be iid with mean 0, the mean of X; can be obtained easily as

70 —i—iﬂjs | =%
1—&11 j=0 17t 1—&1.

E[X]=E

1



The variance of X; is

o . o .
var(X;) = var (Z a]lstj) =) var(dje;_j) Zazj 2 =
=0

Finally the autocovariance of X; is given by

yx(h) = cov(Xt, Xi—p)

o [<-T

_ ) )

~ cov 22)
j=0 j=0

o o0
h—1 ' '
=COV | & +a1&—1+ - +4ay & pi1+ E ajlet_]-, E ajlsth]-)
j=h j=0

oo . 0o .
_ j j
=cov | Y de, ) ale
=0

= cov <€l§l€t,h + aﬁl—HEf,h,l + . &yt aE 1t )

= (al - 1+a" gy + a2 03 4 )o?

— 2 Z a2]+h

h o2
il

_ g2
1 aj

Therefore, we can also obtain

Mean, variance and autovariance of an AR(1) process (Method II)

From the above, we observe that when |a;| < 1, then X; is weakly stationary. We can
then find the mean, variance and autocovariance of X; more easily using the properties
of weak stationarity.

First, we know that E [X;] = E [X;_1] = px. Therefore, taking expectation of Eq.(T),

X = E [Xt] =a9+ mE [thl] + E [Et]

=ap+a1px
ap

- 1—611.

Now if we substitute ag = px(1 —a1) into Eq.(I) (or alternatively subtract the mean from
Eq.(D)), then we have
Xt — px = a1 (X1 — px) + €. ()
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Taking square and then expectation of the above equation, we have

E |(Xe —ux)?| = var(X0) = E | (a1(Xio1 — px) + 1))

= aE [(thl - #X)Z] + 2B [(Xi1 — px)er] + B [eﬂ

= a2 var(X;) + o?

o2

p— 2.
1—a1

Multiplying X; j, — ptx to Eq.(2) and taking expectation,

E [(Xt — px) (X — px)] = vx(h)
= a1 B [(Xi—1 — px) (Xe—p — px)] + E [er(Xe—p — px)]
=a1yx(h—1) +E [e:(X;_p, — px)]

Note that E [e;(X;_j, — ux)] = 0> when h = 0 and E [e;(X;_; — ux)] = 0 when i > 0,

o2 ifh=0

h) = h—1)+
’Yx() ﬂﬂx( ) {0 Uh>0

Using the fact that yx(h) = yx(—h), forh =0and h =1,

7x(0)

17x(1) + o2

a
a17x(0)

Substituting the second equation to the first, we obtain

o2

1x(0) = vx(h) = myx(h—1) = alvx(0).

_—/
1—a1

Similarly, we can obtain the autocorelation as




