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Consider a population of reproducing individuals with the
following features:

▶ Initial population: X0 = 1

▶ Lifetime of each individual: 1 unit of time

▶ Number of offsprings: j ≤ 0 with probability Pj ,
independent of the numbers produced by other individuals
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The branching process is {X0, X1, . . . } = {Xn : n ∈ N}, given by

Xn =

Xn−1∑
i=1

Zn,i, P (Zn,i = j) = Pj , j ≥ 0

where Zn,i is the number of offspring produced by individual i
at time n.



Spread of COVID-19 as a Branching Process 4
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Some properties:

▶ State 0 is a recurrent state, since P00 = 1.

▶ If P0 > 0, then all other states are transient.

▶ If P0 > 0, then the population will either die out or its size
will diverge to infinity.

▶ Every individual in every generation starts a new,
independent branching process.

What is the transition probability?
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Let µ and σ2 be the mean and variance of the number of
offspring produced by a single individual,

E [Zn,i] = µ, var(Zn,i) = σ2.

Then, what are the exepcted value and variance of Xn?



LIE and LTV 7

▶ Law of Iterated Expectation (LIE):

E [Y ] = E [E [Y |X]]

▶ Law of Total Variance (LTV):

var(Y ) = E [var(Y |X)] + var(E [Y |X])
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Conditioning on Xn−1,

E [Xn] = E

Xn−1∑
i=1

Zi,n


= E

E
Xn−1∑

i=1

Zi,n|Xn−1


= µE [Xn−1]

= . . .

= µnE [X0]

= µn
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Conditioning on Xn−1,

E [Xn|Xn−1] = Xn−1µ, var(Xn|Xn−1) = Xn−1σ
2

By the Law of Total Variance,

var(Xn) = E [var(Xn|Xn−1)] + var(E [Xn|Xn−1])

= E
[
Xn−1σ

2
]
+ var(Xn−1µ)

= σ2µn−1 + µ2 var(Xn−1)

By recursive substitution,

var(Xn) =

{
σ2µn−1

(
1−µn

1−µ

)
, µ ̸= 1

nσ2, µ = 1
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What is the probability that the population will eventually die
out, i.e., what is

π0 = lim
n→∞

P (Xn = 0|X0 = 1)?



What is π0? 11

1. If µ ≤ 1, then π0 = 1.

2. If µ > 1, then π0 is the smallest positive number satisfying

π0 =

∞∑
j=0

πj
0Pj .


