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Vectors and matrices 4

Vector:

a =

a1...
an

 .

Matrix:

B =

b11 . . . b1m
...

. . .
...

bn1 . . . bnm

 .



Special matrices 5

I Zero matrix

O =

0 . . . 0
...

. . .
...

0 . . . 0


I Identity matrix

I =

1
. . .

1

 .



Matrix operation 6

I Addition and subtraction:

A±B =

a11 . . . a1m
...

. . .
...

an1 . . . anm

±
b11 . . . b1m

...
. . .

...
bn1 . . . bnm


=

a11 ± b11 . . . a1m ± b1m
...

. . .
...

an1 ± bn1 . . . anm ± bnm

 .



Matrix operation 7

I Scalar multiplication:

λA =

λa11 . . . λa1m
...

. . .
...

λan1 . . . λanm

 .

I Properties:
I λA + λB = λ(A + B)
I λA + µA = (λ+ µ)A



Matrix operation 8

I Dot product:

aᵀb =
(
a1 . . . an

)b1...
bn

 =

n∑
i=1

aibi.

More generally,

aᵀSb =

n∑
i=1

m∑
j=1

aibjsij .



Matrix operation 9

I Matrix multiplication: If AB = C, then

C =

c11 . . . c1m
...

. . .
...

cn1 . . . cnm


where

cij =

q∑
k=1

aikbkj .

I Properties:
I AB 6= BA in general.
I AI = IA = A.
I A(B + C) = AB + AC and (A + B)C = AC + BC.
I AB = O does not imply A = O or B = O.
I AB = AC does not imply B = C.



Matrix operation 10

I Transpose of matrix: If Aᵀ = B, then

bij = aji.

I Properties:
I (Aᵀ)ᵀ = A.
I (A + B)ᵀ = Aᵀ + Bᵀ.
I (AB)ᵀ = BᵀAᵀ.



Matrix operation 11

I Inverse of matrix:

AA−1 = A−1A = I.

I Properties:
I (ABC)−1 = C−1B−1A−1.
I (Aᵀ)−1 = (A−1)ᵀ.
I If A is a square matrix, then (A−1)n = A−n.



Multivariate random variables



Linear functions of random variables 13

Let Y = aX + b, where X is a random variable, while a and b
are constants. Then,

E [Y ] = E [aX + b] = aE [X] + b = aµX + b.

and
var(Y ) = var(aX + b) = a2 var(X) = a2σ2X .

Moreover, σY = |a|σX since σY ≥ 0.
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Linear functions of random variables 14

Let Y = w1X1 + w2X2 = wᵀX, where X1 and X2 are two
random variables. Then,

E [Y ] = E [w1X1 + w2X2] = w1E [X1] + w2E [X2] = w1µ1 + w2µ2

and

var(Y ) = var(w1X1 + w2X2)

= var(w1X1) + var(w2X2) + 2 cov(w1X1, w2X2)

= w2
1 var(X1) + w2

2 var(X2) + 2w1w2 cov(X1, X2)

= w2
1σ1 + w2

2σ
2
2 + 2w1w2σ12.
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Linear functions of random variables 15

In matrix form,

E [Y ] =
(
w1 w2

)(µ1
µ2

)
= wᵀµ,

and

var(Y ) =
(
w1 w2

)( σ21 σ12
σ12 σ22

)(
w1 w2

)
= wᵀΣw.



Linear functions of random variables 16

Let w = (w1, . . . , wN )ᵀ be a vector of scalar and
X = (X1, . . . , XN )ᵀ a vector of random variables, where
µ = (E [X1] , . . . ,E [XN ])ᵀ and

Σ = E [(X− µ)(X− µ)ᵀ] =

 σ21 . . . σ1N
...

. . .
...

σN1 . . . σNN

 .

Then,

E [wᵀX] = wᵀµ, var(wᵀX) = wᵀΣw.

Moreover,

cov(wᵀ
1X,w

ᵀ
2X) = wᵀ

1Σw2 = wᵀ
2Σw1.
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